Math 240 - Test 1 Name _ Key
February 13, 2025 Score

Show all work to receive full credit. Supply explanations where necessary. Give explicit
solutions when possible. All integration must be done by hand (showing work), unless
otherwise specified. ‘

1. (12 points) Using our existence /‘uniqpeness theorems, analyze each initial value prob-
lem to determine which one of these applies. Do not attempt to solve the equa-
tions.

(A) A solution exists, but it is not guaranteed to be unique.
(B) There is a unique solution.

(C) A solution is not guaranteed to exist.

Be sure to show work or explain.
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2. (12 points) A chemical reaction has order 3/2 if the rate of change of the amount of
the reactant, A, satisfies the equation:
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(a) Solve the initial value problem to find a formula for A(t).

kA2, A(0) = Ao.
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(b) You are observing a chemical reaction that has order 3/2. At the start of the
experiment (at ¢ = 0), you had 0.40 g of substance. After 100s, you have 0.15g of
the substance remaining. Find the constant k (round to the nearest hundredth)
and write the complete formula for A(t).
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(c) How long after you began the experiment did you have 0.20 g of substance?
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3. (8 points) Use Euler’s method with h = 0.1 to estimate y(2.3).
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4. (12 points) Find the general solution of the equation that appears in the previous
problem:, p
ay 2
I z“+y+1.

(Do not worry about satisfying the initial condition from above.)
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5. (12 points) Consider the equation 3y’ + —y = z3y>. ot
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(&) Find the general solution. /V
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* (b) Show that your general solution cannot satisfy the initial condition y(1) = 0.
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(c) Find a singular solution that satisfies y(1) = 0. |




6. (8 points) Rewrite the equation in differential form and show it is exact. Then solve
the initial value problem.
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7. (8 points) Listed below are some of the types of equations we have named, studied,
and solved. Give the name of each class of equations.
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8. (10 points) A portion of the slope field for a differential equation is shown below.
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Give an initial point with a positive z-coordinate through which you would expect

the solution to satisfy lim = —oco. Roughly sketch the corresponding solution
T—00

curve on the graph above.
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Consider the solution that satisfies y(5) = 0. Would you expect that solution

~ to have relative maximum or minimum values? Explain. If so, estimate their
- z-coordinates.
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Consider the solution that, satisfies y(—2) = —4. Would you expect that solution
to have relative maximum or minimum values? Explain.
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Give a reason to argue that the given slope field cannot be for the equation
dy/dz = % +y.
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The following problems are take-home problems. They are due February 17. You must

work on your own and show all work.

9. (6 points) Blood carries a drug into an organ at a rate of 3cm3/sec and leaves at the
same rate. The organ has a constant volume of 125cm3, and it initially contains none

~ of the drug being introduced. If the concentration of the drug in the blood entering
the organ is 0.2g/cm3, find the amount, A(t), of drug in the organ at time t. When

will the concentration of drug in the organ reach 0.1g/cm3?

36"‘3/5«. . O:Q%Mb

_C.\A = ,____.-3A A(o\ =0
dt 135 > - -
9% -%/“5}
A 3 A (ﬂ: ~~~~~~ db-d9e )
r =N =06 »
dx 199 //7
[Zdt  3tfas | Aw ot
pl= e ) {; 135
[ ‘
| 3t \ ‘ LA(\ = \ao 6
Mhas gy | 0-6e " | ; 2y
A o \25
3
3% a5 A(\ - 9b e3 fas + C | - \86 /@vt_(:l
j = 3
_3+./\95 / '\‘a
Ay = 88> fpme e |
Ale)="0 = C=“3‘5



10. (6 points) Find the general solution: zy"” — 3y’ = 5z
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11. (6 points) Here is an example of a problem involving a pursuit curve: Criminals are
in a boat at the point (1,0) when the police (at the origin) shine a spotlight on them.
The criminals immediately evade the police by moving counter-clockwise at a 45° angle
away from the light beam. Of course, the police will instantaneously readjust the light,
and the criminals will continue to evade. The criminal’s path will satisfy the initial

value problem
dy _y+z

. Solve the initial value problem.
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