Math 240 - Test 1 Name _ \<e5
February 13, 2025 Score

Show all work to receive full credit. Supply explanations where necessary. Give explicit
solutions when possible. All integration must be done by hand (showing work), unless
otherwise specified.

1. (12 points) Analyze each initial value problem to determine which one of these applies.
Do not attempt to solve the equations.

(A) A solution exists, but it is not guaranteed to be unique..
(B) There is a unique solution.

(C) A solution is not guaranteed to exist.
Be sure to show work or explain. T
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2. (8 points) Consider the following differential equations labeled [4] and [B].
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(a) For equation [A], state the order of the equation, the independent variable, and
the dependent variable. Also say whether the equation is linear or nonlinear.
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(b) For equation [B], state the order of the equation, the independent variable, and
the dependent variable. Also say whether the equation is linear or nonlinear.
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(c) One of the equations is very easy to solve exactly, and the other is difficult or’

impossible. Which is which? Explain why the problems are so different.
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3. (8 points) Use Euler’s method with h = 0.1 to estimate y(1.3). .
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Follow-up: Without actually finding the exact solution, briefly describe a method for
solving the equation.
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4. (10 points) Solve the initial value problem: 3y’ + 5y = 242°% + 2122, y(-1)=4
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5. (10 points) Show that the equation is exact. Then solve the initial value problem.
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6. (12 points) The graph of a function y(z) rises in the first quadrant from the point (0, 0)
to the point (z,y). The area under the graph is one third of the area of the rectangle

with opposite vertices at (0,0) and (z,y).
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(a) Briefly explain how the problem situation gives rise to the following equation:
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(b) Differentiating both sides of the equation gives the differential equation
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(c) Argue that the differential equation has infinitely many solutions satisfying
y(0) = 0. (This is contrary to what you might expect from our existence/uniqueness

theorems.)
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7. (10 points) Say whether the equation is linear, or ezact. Then solve the

initial value problem.
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~ Follow-up: Briefly explain why you may not have initially expected a solution to exist.
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8. (4 points) Look back through the test at your solutions of differential equations. Give
an example of an implicit solution and say why it is implicit,
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9. (10 points) A portion of the slope field for a differential equatiqil is shown below.
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(a) Estimate the slope of the solution cutve passing through (1, 1).
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- (b) Consider the solution that satisfies y(—3) = 2. Would you expect that solution
to have relative maximum and minimum values? Explain.
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(c) Consider the solution that satisfies y(0) = —4. Would you expect that solution
to have relative maximum and minimum values? Explain.
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(d) Based on the available information, what would you expect any solution to do as
z approaches co? Explain.
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The following problems are take-home problems. They are due February 18. You must
work on vour own.

10. (8 points) A tank is initially filled with 500 gal of a salt solution that contains 101b of
salt. A salt solution containing 0.51b of salt per gallon enters the tank at 10 gal/min
and is uniformly mixed. The mixed solution leaves the tank at 20 gal/min. Let A(t)
denote the amount of salt in the tank after ¢ minutes. Set up and solve the appropriate
initial value problem to determine A( t) Find the maximum amount of salt in the tank.
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11. (8 points) A chemical reaction is called a second-order reaction if the rate of change of
the amount of the reactant, A, is proportional to the amount squared:
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(a) Solve the initial value problem to find a formula for A(t).
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(b) You are observing a, second-order reaction involving the chemical butadiene. You
begin your experiment (at ¢ = 0) with 0.0100 kg of butadiene and after 10 seconds,
there are 0.00625 kg of butadiene remaining. Find the constant k£ and write the
complete formula for A(t).
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