Math 240 - Test 2 Name _Key
March 9, 2023 Score

. Show all work to receive full credit. Supply explanations where necessary. Give explicit
solutions when possible. All integration must be done by hand, unless otherwise specified.

1. (8 points) Solve the initial value problem.

y" +25y = 0;. y(0) =10, ¥'(0) =-10
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2. (8 points) Solve yy” = (y')?, assuming y and y’ are positive.
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3. (4 points) Explain why the functions y;(z) = 1 + 2z, y2(z) = 3 + 2, and
y3(z) = 5 + 4z + 72 are linearly dependent.
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4. (6 points) The general solution of a homogeneous, constant-coefficient, 2nd-order, linear
differential equation is y(z) = c,€3% + c;ze®*. Find such an equation.
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z?y" — 2zy' — 10y =0; y(1)=5,y'(1) =8

5. (10 points) Solve the initial value problem.
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6. (4 points) Suppose that the functions y; and y, are solutions of the equation
zy" + (5 — %)y’ + 2zy = z* + . Would you also expect y(z) = y1(z) + y2(z)
to be a solution? Explain your reasoning.
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7. (8 points) A homogeneous, constant-coefficient, linear differential equation has the
following characteristic equation:
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Find the general solution of the original differential equatlon
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~ 8. (4 points) It is easy to verify that y1(z) = 2% and y»(z) = z* are two different, linearly
independent solutions of the initial value problem '

z?y" — day' + 6y = 0; 7y(0) =0, y/(0) = O;) X= O
- Explain why does this not contradict our existence/uniqueness theorem for linear equa-
_tions?
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9. (10 points) Consider the equation (z? 4+ 1)y” + zy’ +y = 0.

(a) The functions y;(z) = z and yp(z) = 1 — z? are solutions. Choose either one of

. them and verify that it is a solution. ( 3
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(b) Use the Wronskian to show that 11 and y, are linearly independent on (—o0, 00).
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(c) Now consider the nonhomogeneous equation (z® + 1)y" + zy’ +y = 1023 + 6z.

Verify that y,(z) = z3 is a solution.
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(d) Use what you’ve learned in parts (a), (b), and (c) to find the solution of the IVP
(22 + 1)y +zy +y=10z® + 6z; y(1) = 3, ¥/(1) = 3.
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10. (4 points) Give an example of constants m, b, and k for which the mass-spring system

described by mz” + bz’ + kz = 0 would be critically damped. Describe the form of the
solution in this case. '
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11. (14 points) A 1-kg mass is attached to a spring with spring constant .N/ m. The
damping constant for the system is 1N-sec/m. The mass is moved 2m to the left
of equilibrium (compressing the spring) and released from rest. Find the equation of
motion. If applicable, write your solution in terms of a single sine or cosine with a
phase shift. '
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The following problems make up the take-home portion of the test. These problems
are due March 21, 2023. You must work on your own.
12. (15 points) Use undetermined coefficients to solye the following initial value problem
| y' +6y +5y=z+8" y(0)=1,¢(0)=-1

: - X
\'\owm. eqn s 3"+ Cobl + 53 =0 A%e:—x_ (()Ae:x N ’(O (,Aygé’x—\— Ae )

Pa-\- (ovl-\-5 =0 y.4 g 5Axe‘x = 88—x
(ma)(m\ O = =5 / | |
e | C YA=8 = A-a
5Q(x)- C, e = Cae_ j f
Nowtomo. #13 300)= X / wm - axe”
U = Axx ® | | | .
o / () = € € 4 TR axe’
1" o 8 K) =
ypt= A, g0 = (

0+ A+ B(AXJ«B):X Y :
5A= | A= =" |

T ad . 3\
C+Cy® 358
N s _ b
L6 50, -Ca® "5
INCRE S -3 “
I C =
Ao v -Ye, as = 57 Yoo
: , —X
Nowtomo, ¥8 1 (<) = 8e 3L M\ 3
c e — =
a 35 oo b
: -x
SP(XB = XAQ

-X

Yo )= -Axe v A€

Yo )= Axe - A& T |




13. (5 points) Consider the following equation:
y" — 6y + 10y = e3* cos z.
Solve the corresponding homogeneous equation. Then use your table to find the ap-
propriate form of the particular solution for the nonhomogeneous equation. Do not

solve for the undetermined coefficients.
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