Math 236 - Assignment 6 Name
March 4, 2026 Score

Show all work to receive full credit. Supply explanations when necessary. You may use
technology to solve any linear systems. This assignment is due March 11.

1. Show that f : Msyys — C is a homomorphism.

f((i‘ Z)):(a+20)+(b—d)i

Solution
a; b as b B aay + Pay  aby + 6b
(o a) oo a)=r(miie alie)
= [(aay + Bag) + 2(acy + Beg)] + [(aby + Bbz) — (ady + Bdy)]i

= af(a1 + 2¢1) + (b1 — d1)i] + B(az + 2¢2)] + (b2 — da)i]

. aq b1 a9 bg
—ar((2 B an( )
2. Let’s make a slight change to the function defined in problem 1.
(2 0) = tar2)+ o ai
. q))=a i
Show that f is not a homomorphism.

Solution
Notice that

f(<8 8)) = (042)+ (0—0)i = 2.

Since f does not map the vector vector in My to the zero vector in C, it cannot be

a homomorphism.

3. Let n: R® — R be defined by

x
n(ly])=vVa2+y>+ 22
2z



Give a simple example to show that n is not a homomorphism.

Solution

1 ~1 1 ~1
W3=n(|1])+n(| -1 #n(|1]+]|-1])=0
1 ~1 1 ~1

. Let d : R? — R be defined by

d( ) = (zi+ yj+ zk) - (i + 2) — 3k).

N e R

Show that d is a homomorphism. (The centered dot denotes the dot product from
Calculus II1.)

Solution

First, expand the dot product to write

x
d(ly|) =242y —3z.
z
Now,
T T axy + Prg
dla |y | +8 [y ))=d(| ayi+ By |)
2 29 azy + Bz
= (awy + Pas) + 2(ays + Py2) — 3(azy + Pz2) = a(xy + 2y1 — 321) + B(w2 + 2y2 — 329)
T )
=ad(|y |)+6d(| v ]).
21 29

. Assume that h: V — W is a homomorphism. The null space of h is
N(h) = {7 € V : h(¥) = Oy }.
Show that the null space is a subspace of V.

Solution

Let a and f be arbitrary scalars, and let Z and § be arbitrary vectors in N(h). It follows
that ah(Z) + Sh(y) = Ow because & and ¢ are in the null space of h. Furthermore,
since h is a homomorphism,

Ow = ah(Z) + Bh(§) = h(aT + B7).
Therefore, af + py € N(h).



6. Assume that h: V — W is a homomorphism. The range of h is
R(h) ={w € W : @ = h(v) for some v € V}.

Show that the range is a subspace of W.

Solution

Let o and f8 be arbitrary scalars, and let Z and ¢ be arbitrary vectors in R(h). Because
Z and ¢ are in the range space of h, there are vectors u, v € V such that

h(d) =%  and h(V) = v.
Now since h is a homomorphism, it follows that
aZ + Yy = ah(d) + (V) = h(at + 57).
Finally, since V is a vector space, au + v € V, and we see that aX + S¢ is the image

under h of a vector in V. That is, aZ + fy € R(h).

7. Suppose h : V — V is a homomorphism and that B = (51, Bo, ... ,En> is a basis for V.
Prove the statement: If h(5;) = 0 for each basis vector, then A is the zero map.

Solution

Let ¥ be an arbitrary vector in V. Since B is a basis, there exist constants ¢y, ca, ..., ¢,
such that
T=c1f1+cfa+ -+ cufn.

Now, since h is a homomorphism and h maps each basis vector to 6, we have,
h(v) = h(0151+0252+' : ‘+Cngn) = C1h(51>+62h(52)+‘ : '+Cnh<gn) = c10+co0+- - +c,0 = 0.

In summary, we've found that (%) = 0 for any vector in 7 € V.

8. For the map h : R?* — R? given by
h

= (),

find the range space, rank, null space, and nullity.

INEINSE

Solution

Range space...

7y = { (2 ) oz emb= o (2) vu(f) +2 () mme e



o (1. 0)-(2))
().}

Any basis for R? is a basis for R(h).

Rank...
rank(h) = dim(R(h)) = 2
Null space...
x x
N(h) = y|:2z4+y=0andz—2=0, = -2z | :xeR
z x
1
=span(¢ [ 2] 3)
1

Therefore, a basis for N(h) is

Nullity...

. Define F,G : Py — R? by

F(ax® +bx +c) = (a—;—c) and G(ax® +bx +c) = (—2??0) .

Do not bother showing that F' and G are both homomorphisms, but show that the
linear combination 4F — 2G is a homomorphism from P, into R2.

Solution

The specific rules that actually define the homomorphisms are irrelevant.
Using that F' and G are both homomorphisms, we have
(4F — 2G)(ax + By) = 4F (ax + By) — 2G(ax + By)

= 4aF(x) + 4BF (y) — 2aG(x) — 26G(y)
= 4aF(x) — 2aG(z) + 48F (y) — 28G(y)
= a(4F — 2G)(z) + BAF — 2G)(y).



