Math 236 - Assignment 5 Name  KEY
February 21, 2024

Show all work to receive full credit. Supply explanations when necessary. This assignment
is due February 28.

1. Find a basis for the row space, a basis for the column space, and the rank of the matrix

A.
2 0 3 4
01 1 -1
A= 31 0 2
1 0 -4 -1
Solution
100 13/11
101 0 —17/11
mef(A) =19 o0 1 6/11
0 00 0

Using the RREF, a basis for the row space is
Brp={((1 0 0 13/11),(0 1 0 —17/11),(0 0 1 6/11)),

a basis for the column space is

2 0 3
0 1 1
Bo _< 3] (1] o >
1 0 —4
and the rank is 3.
0 1 3
2. Consider the matrix M = | —1 0 1
-1 2 7
(a) Determine whether the row (1 1 1) is in the row space of M.
Solution
The system
(1 1 1)=(0 1 3)a+(-1 0 )b+ (-1 2 7)c
gives

—b—c=1, a+2c=1, 3a+b+Tc=1.



The corresponding augmented matrix and its RREF are:

0 —1 —1 1 f (1020
1 0 2 1 e 0110
31 7 1 000 1

No, (1 1 1) is not in the row space of M. The last row of the RREF above
shows a contradiction.

(b) Find a basis for the row space of M.

Solution

0 1 3 NGRS
10 1 T (o1 3
-1 27 00 0

From the RREF of M, we see that a basis for the row space is
Br={((1 0 —1),(0 1 3)).

(c¢) Find the representation for the row (—3 8 27) in terms of your basis.

Solution

The system
(=3 8 27)=(1 0 —1)a+(0 1 3)b
gives

a=-3, b=28, —a+3b=2T.
-3
Repg,((—3 8 27)):(8).

3. Find a basis for the span of the following subset of R3.

1 3 1
21,11 ],1-3
1 -1 -3

Solution

Let’s use RREF to find a basis for the row space of the corresponding matrix of rows:

1 2 1 ¢ (10 =35
301 —1] =5 o1 4/
1 -3 -3 00 0

So the span of the vectors has basis

1 0
B:< o ) [ >
-3/5) \4/5



. Find a basis for the span of the following subset of Ps.

{14+ ,1 -2 3+ 2z — 27}

Solution

Treat the polynomials as rows of a matrix:

11 0 ¢ (1o -1
10 —1 e 01 1
3 2 —1 00 0

B={1-2*1z+2%

. Give an example to show that the column space of a matrix and the row space of the
matrix are, in general, not the same even though they have the same dimension.

Solution

A very simple example is a 1 x 2 matrix such as M = (1 2). The row space is the
set of all scalar multiples of (1 2), which is a subspace of M;.5. On the other hand,
the column space is R. Both have dimension 1, but they are distinctly different spaces
(but they are isomorphic!).

. Suppose that A € M,,,,. Argue that the rank of A is less than or equal to min{m,n}.

Solution

Since row rank and column rank are always equal, the rank cannot exceed the number
of rows (m), and it also cannot exceed the number of columns (n). So r < m and
r < n. Therefore r < min{m,n}.

. Argue that the rank of a matrix is equal to the rank of its transpose.

Solution

The rows of AT are the columns of A. Therefore the column rank of A is the row rank
of AT, Similarly, the row rank of A is the column rank of A”. But since row and
column rank are equal, all these ranks have to be the same.

. Describe all matrices that have rank 0. Then find a general description for all matrices
of rank 1.

Solution

The only m x n rank-zero matrix is the m X n zero matrix.



10.

A rank-one matrix must have at least one nonzero row (and column). Each nonzero
row (or column) must be a scalar multiple of any nonzero row (or column).

Show that the space of all 3-element row vectors (i.e., M;x3) is isomorphic to R3.

Solution

Define f : M3 — R? by
x

fllz y 2)=1|v

z

This is obviously an isomorphism. Details omitted.
Show that the map F : Py — Py given by F(az? + bx + ¢) = bx? — (a + ¢)z + a is an
isomorphism.

Solution

Onto:  Let cpx® + 17 + ¢ be an arbitrary element of Py. Then
cor? + cox + (—cy — ¢1) € Py and

F(cow® + cow + (—co — 1)) = con® + c12 + co.

One-to-one:  Suppose F(coz? + c17 + ¢) = F(dox?® + dyx + dp). Then
Cll'Q — (CQ + Co)l’ +co = d11'2 — (dg + dQ)ZL‘ + dg.

It follows that
c =d; ca + ¢o = dg + do, ¢y = da,

from which it follows that

co=dy, ¢ =dj, co=dp.

Linear:  Let p(z) = co2? + c17 + o and q(z) = dox® + dyx + dy be arbitrary elements
of Py, and let a, B € R.

F(ap(z) + Bq(x)) = -+ = F((acy + Bds)x* + (acy + Bdy)x + (aco + Bdy))

= (a1 + Bdy)z” = [afcy + co) + B(dy + do)] + (acy + (da)
= afc12? — (2 + co)x + o] + B[d1z® — (dy + do)z + do]
aF (p(x)) + BF(q(x)).



11.

12.

For an arbitrary 2 x 2 matrix A = (Ccl Z

ad — bc. Show that the determinant function is not an isomorphism from M5 into R.

) , the determinant of A is defined by det(A) =

Solution

The determinant function is not one-to-one. For example, let

11 2 2
(i) e=(d)
Then det(P) = det(Q) = 0, but P # Q.

—

Let B = (f, 6;, ,3;) be a basis for the vector space V. For an arbitrary vector v € V|

—

let Repy(¥) be the representation of ¢ in terms of B, that is
C1
Repp(c1B1 + cafla + c303) = | 2

C3

Show that Repg : V — R? is an isomorphism.

Solution

We proved the general n-dimensional case in class. This is a special case.

a
Onto:  Suppose | b | is an arbitrary element of R3. Then
c

aBy +bBy+cBy €V

and
a

RepB(aﬂ: + bﬁ; + CB;) =19?
c

One-to-one:  Let @, € V. The vectors & and ¥ can be written uniquely in terms of
the basis vectors:

T =211 + 2202 + 305
and . . .
¥ = y151 + Y282 + y3s.
It follows that
T U1

Repp(7) = | 22 and Repg(¥) = | v2
T3 Ys



Now suppose that Repg(Z) = Repg(7). Then we must have

x1 Y1
To | = | Y2
€3 Ys

Linear: Let Z,4 € V and a,b € R. Write & and ¢ as above:

T =211 + 2202 + 23053

and . . .
¥ =y1b1 + Y22 + y35s.
Then . . .
aZ + by = (axy + byr) 1 + (axa + bya) B + (axs + bys) G5
and
axy + by, 1 Y1
Repg(aZf +by) = | ara+bys | =---=a |22 | +b | y2 | = aRepg(Z) + bRepg(¥).

azxz + bys T3 Ys



