Lecture 32: Riemann sums and the definite integral

Objectives:

(32.1) Compute a Riemann sum for a function on an interval.
(32.2) Define and interpret the definite integral of a function on an interval.

(32.3) Use Riemann sums to approximate definite integrals.

Riemann sums

In the last lecture we fell just a bit short of posing a very important definition—that of a Riemann sum.
We’ll continue with that goal in mind.

Suppose [ is defined at each point of the interval [a, b]. Partition [a, b] into n subintervals. In contrast to
Lecture 31, f can take on positive or negative values, and our subintervals need not have equal length. The
endpoints of the subintervals are given the generic names xg, 1, T2, ..., Tp:

a=20< T <Tg < - <x < - <xpy =0
For k=1,2,3,...,n, let Az be the length of the kth subinterval. That is,
Az, =2, —xp—1 and zp = zp_1 + Az,

Now choose a point from each one of the subintervals. Give the name ¢ to the point chosen from the kth
subinterval. We now form the sum

Z f(Ck)A:Ek
k=1

This sum is called a Riemann sum. The definition is summarized below.

Definition of Riemann sum

Suppose f is defined on [a, b]. Partition [a,b] into n subintervals:
a=x90<x1<T9 <<y =D,

and let Axy be the length of the kth subinterval. The sum

n

Zf(ck)Axlm Tp—1 < ¢ < T

k=1
is called a Riemann sum for f with the given partition.

Notice that the Riemann sum depends on the function f, the partition, and the choice of c¢’s.

Example 1  Use 4 subintervals, all of different lengths, to compute a Riemann sum for f(z) = 6 — 22 on
the interval [0, 2]. Sketch the graph of f and the rectangles corresponding to your Riemann sum.

Let’s use the following partition:
To=0<21=04<22=10<23=1.7T< 24 = 2.
For this partition we have
Ax; =04, Azs=0.6, Ax3=0.7, Azxy=0.3.

Now let’s choose
Cc1 = 0.25, Coy = 0.75, C3 = 1.5, Cq = 1.9.

Our Riemann sum is

4
3" Flew) Az = £(0.25) - 0.4+ £(0.75) - 0.6 + f(1.5) - 0.7 + f(1.9) - 0.3 = 8.9795.
k=1

The shaded rectangles corresponding to this Riemann sum are shown below.
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As we can see from the example above, Riemann sums are far more general than lower and upper sums.
Nonetheless they can be used in many of the same ways.

Example 2 Use a Riemann sum over 8 subintervals to approximate the area under the graph of
f(x) =2 —2% on [0,1].

We will use 8 subintervals of equal length Ax = % =0.125:
20=0<21=012<22=025<23=0375<24=05<z5 =0.625 <26 =075 <27 =0875 < x5 = 1.

For each k, choose ¢ to be the right endpoint of the kth subinterval. This gives the following
Riemann sum

0.125-[f(0.125)+ £(0.25)+ £ (0.375)+ £ (0.5)+ £ (0.625)+ £ (0.75)+ £ (0.875)-+ f (1)] = 0.24609375.

The actual area is 0.25.

Example 3 Use 4 subintervals of equal length and subinterval midpoints to compute a Riemann sum for
g(x) =3 —5z on [0, 2].

In this example we have

and our partition is

20=0<21=05<a=1<23=15<24 =2.
Using subinterval midpoints for the cj’s, we have

cp =025, ¢3=0.75, ¢3=1.25, «c4=1.75.

The corresponding Riemann sum is

4

> gler)Az = 0.5-[9(0.25) + g(0.75) + g(1.25) + g(1.75)] = —4.
k=1

The shaded rectangles associated with this sum are shown below. Notice that the Riemann
sum is negative because some of the function values are negative. When computing the sum,
rectangles below the z-axis (i.e. f(cx) < 0) contribute negatively.
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Riemann sums by computer

A GeoGebra applet for computing Riemann sums is available at http://stevekifowit.com/geo_apps. A
Python program for computing Riemann sums is given below. Three Riemann sums are automatically com-
puted: using left subinterval endpoints, using subinterval midpoints, and using right subinterval endpoints.

# Riemann sums for f(x) on [a,b] using n subintervals.
# The user input is between the triple hashtags. You can run the
# code by cutting and pasting into a SageMath Cell.

#

from math import *
##H#

def f£(x):

return abs(cos(x) - x)

n = 100 # Integer
a=0.0 # Float
b=2.0 # Float

H#it#
h=flocat(b-a) /n
suml = 0.0

sum2 = 0.0

sum3 = 0.0

x = float( a )
for i in range( n ):

suml = suml + £( x )

X =x + h/2

sum2 = sum2 + £( x )

x =x + h/2

sum3 = sum3 + £( x )
print("Using left endpoints: ", h * suml)
print("Using midpoints: ", h * sum2)
print("Using right endpoints: ", h * sum3)

The definite integral

We are now ready for the definition of the definite integral. As we will see, the definite integral is defined to
be a limit of Riemann sums.
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Definition of the definite integral

Suppose f is defined on [a, b]. Partition [a, b] into n subintervals:
a=x9< T <x2< - < Ty =0,

and let Axy be the length of the kth subinterval. Further let ||A|| = max{Ax, Aza, ..., Az, }.
The definite integral of f on [a,b] is given by

n

f(x)dx = ck)Azy, Tp—1 <o < @y,
/ Ao 2 ’ ’

provided the limit exists. When the limit exists, f is said to be Riemann integrable on [a,b]. The
function f is called the integrand.

4
Example 4 Use a Riemann sum over 12 subintervals to approximate / Ve d.
1

Using subintervals of equal length and subinterval midpoints as the ci’s, we find

4
/ Vz dx ~ 4.667.
1

The details are omitted.

2
Example 5 Refer back to Lecture 31 and find the value of / (6 — 2?) dx.
0

In Lecture 31, we computed upper and lower sums for the function f(z) = 6 — 22 on [0,2]. I
Example 1 of Lecture 31, we computed the area of the region under the graph of f by takmg
a limit of the upper and lower sums. In other words, we computed the limit of a Riemann
sum. We found that

Now that we have defined the Riemann (definite) integral, it is worth considering what kinds of functions
are Riemann integrable. A description of the entire class of Riemann integrable functions was first given by
Henri Lebesgue, but his work is best left for an advanced math course. We will look at some simpler results.

Theorem — Continuous functions are integrable

b
If f is continuous on [a,b], then f is Riemann integrable on [a,b]. That is, / f(z) dx exists.

a

Important point

Not all functions on [a,b] are integrable. For example, the characteristic function of the rational
numbers,

() = 1, if = is rational
X\ = 0, if z is irrational,

is not Riemann integrable on [0, 1].
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